We consider the resonant van der Waals interaction between two correlated identical two-level atoms (at least one of which being excited) within the framework of macroscopic cavity quantum electrodynamics in linear, dispersing and absorbing media. The interaction of both atoms with the body-assisted electromagnetic field of the cavity is assumed to be strong. Our time-independent evaluation is based on an extended Jaynes-Cummings model. For a system prepared in a superposition of its dressed states, we derive the general form of the van der Waals forces, using a Lorentzian single mode approximation. We demonstrate the applicability of this approach by considering the case of a planar cavity and showing the positiondependence of Rabi oscillations. We also show that in the limiting case of weak coupling, our results reproduce the perturbative ones, for the case where the field is initially in vacuum state while the atomic state is in a superposition of two correlated states sharing one excitation.
Introduction
The van der Waals (vdW) force has been extensively studied for a long time. It has traditionally been derived from the interaction of two atoms with the continuous and unbounded spectrum of the electromagnetic field. With this assumption, the atom-field interaction can be treated as perturbation. Being evaluated as the position dependent energy shift of two fluctuating dipoles interacting instantaneously, the vdW force in the weak coupling limit can be derived using time independent perturbation theory [1] . London first found this force between two ground-state atoms for small interatomic separations which are much smaller than the atomic transition wavelengths [2] . Casimir and Polder formulated it taking into account retardation due to the finite speed of light [3] . Later the ideas have been extended to magnetic atoms [4] and also the effect of material environment was taken into account [5] . The theory had been generalized to identical atoms [6, 7] and also to atoms in excited states, where conflicting oscillatory [8] [9] [10] and non-oscillatory [11, 12] results, are predicted (for a review, see [1, 13] ).
On the other side, the properties of atoms coupled to a discrete mode spectrum in a resonator-like structure are the subject of cavity quantum electrodynamics (cavity-QED). Historically, this field started with evaluating the effect of this coupling on the spontaneous emission probability of the atom, which was predicted to increase considerably due to the coupling with the cavity field [14] . For strong interaction of one excited atom with an initially empty, un-damped discrete mode field, a model proposed by Jaynes and Cummings (JC model) predicts an oscillatory exchange of energy between the atomic and field systems that occurs at a rate Ω, known as the Rabi frequency [15] . The model involves calculating position dependent eigenenergies for the energy eigenstates of the coupled system (known as dressed states). Generalizing the static approach based on perturbation theory, the position dependent part of these eigenvalues can be related to dispersion forces [16, 17] . If Ω is much larger than the rate at which photons escape from the cavity, then the interaction is strong and the oscillation can be observed, otherwise the radiated photon may escape through the cavity walls before interacting with the atom [18] .
In this article, using a extension of JC model to absorbing cavities, we study the vdW force between two identical two-level atoms, which strongly interact with bodyassisted electromagnetic field of the cavity. We assume a dressed basis consisting of two correlated states in which the single excitation is shared between the atoms and the field. For two identical atoms the state that carries the excitation of two atoms can be assumed as a superposition of two states with only one atom being excited in each of them. Following [19] , the frequency dependence of the atomic responses to the field is taken into account in our calculations where the spectral structure of the field is assumed to be Lorentzian.
The article is organized as follows: first, we introduce the appropriate Hamiltonian for the system under consideration using a novel definition for the interaction Hamiltonian (section 2); then in section 3 we evaluate the vdW force by combining the dressed state method, used for dealing with the strong atom-field coupling regime, with the primary idea of Casimir and Polder. We also evaluate the force in the weak coupling regime using leading order perturbation theory and show that it is in agreement with the appropriate limits of our results. An example of a planar cavity is provided in section 4 to demonstrate our model and finally a summary is given in section 5.
Atom-field interaction
In order to derive the general form for the strong van der Waals (vdW) force, it is required to introduce the system Hamiltonian in the framework of macroscopic quantum electrodynamics.
Consider two neutral atoms (collection of charged particles) A and B positioned at r A and r B , within an arbitrary arrangement of dispersing and absorbing magnetoelectric bodies. The atoms are considered to interact strongly with the body-assisted electromagnetic field. The total Hamiltonian describing such a system in the multipolar coupling scheme readŝ
is the internal Hamiltonian of atom A , with E n A and |n A indicating the unperturbed eigenvalues and eigenstates, respectively. Considering the simple case of two identical two-level atoms with only two independent states |0 and |1 , and discarding a stateindependent constant,Ĥ A reduces tô
with ω
In order to introduceĤ F , we use bosonic operatorsf † λ (r, ω) andf λ (r, ω) as the creation and annihilation operators of the body-assisted field excitation obeying the commutation relations
and
The field Hamiltonian then readŝ
Now, having defined the atom and field Hamiltonians, we need to specify their interaction. In the electric dipole approximation, the multipolar Hamiltonian describing the interaction of an atom with the field can be written aŝ
where for two-level atoms, the electric dipole moment is defined aŝ
andÊ being the electric field operator. In order to facilitate giving the electric field as a linear combination of fundamental operatorsf λ andf † λ , we employ the auxiliary tensors G e and G m defined in terms of the Green's tensor G as [20] G e (r, r , ω) = i ω
The Green's tensor obeys the differential equation
subject to the boundary conditions imposed by the particular arrangement of magnetodielectric bodies at hand. It also satisfies a useful integral relation
In Eqs. (9)- (12), ε and µ are the position-and frequency-dependent relative electric permittivity and magnetic permeability of the surrounding media. With these definitions, the electric field can be written as followŝ
Using the field expansion (13) together with Eq. (8), the interaction Hamiltonian (7) readŝ
Following the suggestion proposed in Ref. [19] , we introduce an additional set of positiondependent creation and annihilation operators aŝ
with (16) defined as the atom-field coupling strength. Substitution of these intoĤ A F and applying the rotating wave approximation yieldŝ
. Making use of commutation relations of bosonic variables together with Eqs. (15), (16) and integral relation (12) , the commutation relations ofâ(ω) andâ † (ω) can be calculated to be
We define single quantum excitation states
which are eigenstates ofĤ F ,
and have the orthogonality relation as
being evident from Eq. (18) . These states are orthogonal with respect to frequency ω but not position r. This reflects the fact that there is a non-zero probability for the photons emitted by atom positioned at r A to be reabsorbed by an atom at a different position r B .
Van der Waals forces
In agreement with the pioneering idea of Casimir and Polder [3] , two atoms that are weakly coupled to the body-assisted electromagnetic field experience a vdW force deduced from an associated vdW potential. This in turn can be interpreted as the position-dependent energy shift due to a perturbation of the energy of the initial atomic state, arising from the atom-field coupling, so that the force is given by
where U (r A , r B ) is the vdW potential between two atoms A and B. However, in the case of excited atoms that are strongly coupled to the electromagnetic field, the interaction energy may not be sufficiently small and hence the perturbative approach may no longer be valid. This is the scenario we consider here.
For the following, we restrict our attention to the strong-coupling vdW force between two identical two-level atoms. The paradigmatic model of an atom strongly interacting with an electromagnetic field is the JC model [15] . This consists of a single two-level atom (or molecule) interacting with a single near-resonant quantized mode of the electromagnetic field of an ideal cavity, and predicts an oscillatory atom-field excitation exchange.
Here we extend this model to a system comprising two electrically-polarisable atoms interacting with one cavity mode of the body-assisted electromagnetic field, generalizing the simplified picture of standing-wave modes in an ideal cavity.
Static approximation
The considered system consists of two identical atoms, which is to say they have the same energy spacing (ω 10 A = ω 10 B ≡ ω 10 ). One of the atoms is assumed to be excited, and hence, in a strong interaction with a single cavity mode. The model is based on the assumption that we may approximate the single cavity mode by a narrow (γ ν ω ν ) Lorentzian-type spectrum;
with the parameter ω ν being the central frequency of the peak and γ ν describing the spectral width.
In the case of two identical atoms, the Hilbert space can be spanned by two coupled states
ν with the excitation being shared between atoms (|1 A ) and the field (|1 ν ). It is worth noting that the bare states are chosen according to the fact that the total number of excitations remains constant in the rotating wave approximation.
The state |1 ν represents an excitation of a single mode ν and is defined as
Here, δω is regarded as the distance between two neighbouring modes, which in our single-mode assumption must always be much larger than the width γ ν of that mode. The quantity N is the normalization factor. Note that according to the definition of Lorentzian functions, as γ ν tends to zero, g 2 A A (ω ν ) tends to infinity in a way the product of this with a Lorentzian takes the following form;
This fact allows the states |1 ν to become normalized to unity. The explicit normalization factor N can be calculated using Eqs. (21) and (23) together with (25), and is found to be
For the following it is appropriate to construct a dressed basis. Using Eqs. (1) together with Eq. (3), (4) and (17) and the definitions (24) and (26), one can obtain the matrix representation ofĤ on the subspace spanned by two states |u 1 and |u 2 aŝ
with
being the vacuum Rabi frequency and detuning, respectively. Diagonalising the Hamiltonian (27) yields the two eigenvalues
with Ω(r A , r B ) = Ω 2 R (r A , r B ) + ∆ 2 . Finally, the respective dressed states of the combined atom-field system can be written in the form
where θ c (r A , r B ) is the coupling angle defined by
where we have abbreviated θ c = θ c (r A , r B ). The position-dependent parts of the eigenenergies can be regarded as dispersion potentials
The total dispersion force on atom A consists of a single-atom CP force and the cavity-enhanced vdW force from atom B. The latter is defined as;
In order to obtain a more general expression for the force, let us consider the system to be prepared in a superposition state |θ which has projections on both eigenstates |+ and |− |θ = cos θ|u 1 + sin θ|u 2 = cos(θ − θ c )|+ + sin(θ − θ c )|− ,
where the last equality is written according to the definitions (30) and (31). Making use of Eqs. (35) and (37), the potential of the system prepared in the state θ can be calculated as
[Ω = Ω(r A , r B )], where the position-dependence arises from θ c as well as Ω, so the vdW force on atom A can be evaluated as
This equation can be simplified by performing the differentiations in the right hand side. Using Eq. (32) and the identity (1 + tan 2 β) 1/2 = cos β, we find
[Ω R = Ω R (r A , r B )], using which, together with Eq. (34), we obtain sin(2θ c ) = Ω R /Ω. Finally, using the definition of Ω(r A , r B ), we find
Substituting this result into Eq. (39), the vdW force on atom A, prepared in superposition state θ, can be written as
Let us study the state dependence of the force by considering special cases. It is clear from the above formula that if θ = θ c or θ = θ c + π/2 (which is equivalent to |θ = |+ or |θ = |− , respectively), the previous results of Eq. (36) can be recovered and if θ = 0 (|θ = |u 1 ) or θ = π/2 (|θ = |u 2 ), the vdW force will vanish. We will study the weak coupling limits of the force in next section.
Weak coupling
Let us return to the primary idea of Casimir and Polder and consider a continuous and unbounded spectrum for the field. According to the perturbation theory for two identical atoms, the lowest-order energy shift depending on the positions of both atoms is second order and is defined as
in which |ψ and |I are the initial and intermediate states, respectively, and E ψ and E I are their respective unperturbed eigenenergies. We will consider |ψ =
. Note that the particular choice of |I ensures that we only deal with a real photon exchange process, so the potential will be resonant and the sum over intermediate state in Eq. (43) is in fact the sum over polarizations λ and integrals over r and ω.
Using Eqs. (7), (9) and (13) together with Cauchy's theorem, the resonant potential for two identical atoms (one of them being excited) that are weakly coupled to bodyassisted field, reads
The first and second terms represent the single-atom potentials for atom A and B, respectively, while the third is the interaction potential of the two atoms. To make contact with the perturbative results obtained by McLone and Power [6] for two identical atoms in free space, let us consider the Green function in free space as [21] 
where k = ω/c, r = r 2 − r 1 , r = |r|, r α = e α · r. Substituting the real part of this tensor in the third part of Eq. (46), leads to
in agreement with previous results of Ref. [6] .
To make contact with our method, we consider the limiting case of weak coupling in Eq. (35). In this limit ∆ Ω R (r A , r B ), which means that θ c = π/2, |+ = |u 2 and |− = −|u 1 . The potential associated with states |u 1 and |u 2 respectively can then be written as
Employing the Kramers-Kronig relation
for a sufficiently narrow mode (recalling Eqs. (23) and (25)) we find:
Note that the sign L has been added to indicate the assumption of dealing with singleresonance, Lorentzian cavity-field. Using this result, Eq. (47) and (48), respectively, can be given as
Equation (51) is in complete agreement with the time-independent perturbative results for the resonant part of the dispersion potential of two identical two-level atoms (one of them being prepared in the upper state) that are weakly coupled to a body-assisted electromagnetic field, while Eq. (52) is the weak coupling potential for the state with excited field and ground state atoms, and has not been predicted by perturbation theory so far.
In complete analogy to the derivation of Eqs. (51) and (52), one can show that in weak coupling limit (large detuning)the potential and the corresponding force on one of the atoms, for a system prepared in state |θ , can be written as
Planar cavity
To apply our model, we assume two atoms, A and B, to be placed in a planar cavity of width d. The cavity plates are assumed to be identical and -almost-perfectly reflecting and the atoms are placed along an axis perpendicular to the cavity plates (z direction), see Fig. 1 . We use the Green's tensor introduced in Ref. [13] ; ,
e s± and e p± are the unit vectors for s/p-polarised waves. The reflection coefficients are r p = −r s = 1 − δ, in which δ, regarded as a small deviation of the plates from being perfectly reflecting, can be related to the transmission coefficient of the plates through
On cavity resonances (ω ν = νπc/d), k 0 carries the main contribution to the integral. Taking one parallel component of Green's tensor and carrying out the angular integral, we get to a simplified version of respective Green's tensor, by which we find:
It can be shown that Eq. (58), shows Lorentzian behaviour Eq. (23), in the vicinity of each cavity resonance with γ ν = 2cδ/d. According to Eqs. (26) and (28), in the case of exact resonance (∆ = 0), the cavity-induced Rabi frequencies can be written as
where using the definition for γ ν together with Eqs. (16) and (58),
is calculated to be The position-dependence of the dimensionless squared Rabi frequencies is shown in Fig. 2 and Rabi oscillations are observed for the Ω Rabi frequency has the same position-dependence and also the same intensity, while the peaks of Ω 2 are placed in the same position with its interaction contribution but with higher intensity. The dependence of the squared Rabi frequency on the position of atom B for different positions of atom A is given in Fig. 3 . It shows that, if atom A is positioned at one of the cavity nodes, the curve coincides with the case where there is only atom B in the cavity and the presence of the other atom may have no effect on total Rabi oscillations, while, in the case of putting it on one of the anti-nodes, we see some peaks that are roughly four times higher than the case of having only one atom. Different positions for atom A in Fig. 3 correspond to the coloured lines in the total squared Rabi frequency shown in Fig. 2 .
Summary
On the basis of macroscopic cavity-QED and using an extended Jaynes-Cummings model, we have obtained general expressions for the van der Waals potential between two atoms and also for the van der Waals force acting on them. The system under consideration consists of two identical two-level atoms that are strongly coupled to one cavity mode. The spectral structure of the mode has been chosen to be Lorentzian and as our single mode assumption required, the mode was assumed to dominate the field in its vicinity. A correlated state basis has been considered and the position-dependent part of the two respective eigenvalues has been evaluated as dispersion potentials of the atoms which only differ by a sign for the two eigenstates. An oscillatory energy exchange between the atomic system and the field (at rate Ω) was predicted.
We have shown that our general expression can be reduced to perturbative results in the appropriate limit of weak coupling. For a system prepared in one the eigenstates, these limits of the potential have been shown to give the resonant perturbative potential of two identical atoms (with one of them being excited) interacting with a field in the vacuum state. The result related to the other eigenstate (the field being excited, not the atoms), was completely new and has not been predicted by perturbation theory so far.
To apply our model, we studied the Rabi oscillations of an atom-field system placed in a highly reflective planar cavity. We have shown that the oscillations have the same position-dependence and amplitude for each atom, as it should be since we have identical atoms. Showing the squared Rabi frequency dependence on the position of one atom, it has been demonstrated that the second atom would be completely invisible to the first one, if it is positioned at each cavity nodes. Conversely, it may have the equal contribution as the first one, if it is positioned at one of the anti-nodes.
